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Cellular automata

alphabet : finite set A
configuration : x ∈ AZ

shift: σ(x)i = xi+1

subshift: X ⊂ AZ closed, σ(X ) = X

cellular automaton:

F : AZ → AZ
{

continuous
σF = Fσ

←→ ∃r , f ,F (x)i = f (xi−r , · · · , xi+r )

of F : minimal r

∀t, F t is a CA

How does (D(F t))t∈N behave?
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Iterated radii

D(F ): minimal diameter.
Dt= maxk≤t D(F k)
What does (Dt)t∈N look like?

1. Dt ≤ t(D(F )− 1) + 1
2. Dt+t′ < Dt + Dt′

3. lim Dt
t exists [Fekete]

∼ Lyapunov exponents
[Shereshevski 1992, Tisseur 2000]

• Dt = o(t)

• Dt = o(t), not O(1)

• Dt ∼ λt, λ > 0
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Lower gap

trace: TF (x) = (F t(x)0)t∈N
TF (x)0...t depends only on x−rt ...rt ,
where Dt = 2rt + 1.
so
∣∣ADt

∣∣ ≥ |{TF (x)0...t | x ∈ X}|
> t, unless TF (X ) is preperiodic

[Morse-Hedlund]
[Cyr-Franks-Kra-Petite 2016]

• Dt = O(1) ←→ preperiodic

• Dt = o(t), not O(log t) ←→ distorted

• Dt ∼ λt, λ > 0 ←→ positive-Lyap.exp.



Lower gap

trace: TF (x) = (F t(x)0)t∈N
TF (x)0...t depends only on x−rt ...rt ,
where Dt = 2rt + 1.
so
∣∣ADt

∣∣ ≥ |{TF (x)0...t | x ∈ X}|
> t, unless TF (X ) is preperiodic

[Morse-Hedlund]
[Cyr-Franks-Kra-Petite 2016]

• Dt = O(1) ←→ preperiodic

• Dt = o(t), not O(log t) ←→ distorted

• Dt ∼ λt, λ > 0 ←→ positive-Lyap.exp.



One-head machines

one-head machine: M = (Q,Σ, δ):
I Q: set of states
I Σ: alphabet of symbols

I δ ⊂ (Q × {±1} × Q)
t (Q × Σ× Q × Σ)

−→ "CA" FM over
XM =

{
x ∈ (Σ t (Q × Σ))Z

∣∣ |{ i | xi /∈ Σ}| ≤ 1
}

Dt= max number of visited cells after t steps [Jeandel 2013]



Upper gap

crossing sequence ui ,t :
head states visiting i before step t.
[Hennie 1965, Jeandel 2013]
|ui ,t |: number of visits in i

I if ∃i , j with ui ,t = uj ,t 6= ε
repeat xi ...j−1 periodically
−→ speed > 0

I else all ui ,t cannot be short
t =

∑
i<Dt
|ui ,t | = Θ(Dt logDt)

−→ Dt = O(t/ log t)

• Dt = O(1) ←→ preperiodic

• Dt = o(t), not O(log t) ←→ distorted (if X = XM)

• Dt ∼ λt, λ > 0 ←→ positive-speed
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Distorted machine over a subshift

F : X → X distorted, where X ( XM

• a runner (head)

• slowing mud (Dyck language)

• controlled space between mud (strict subshift)
w0 = 01 has length 2, is crossed in t0 = 4 steps
wi+1 = (wi0)ki+1wi (1wi )

ki+1 has length li+1 ≤ 4ki+1li ,
is crossed in ti+1 ≥ 3ki+1ti

• speed close to log

∼[Hochman-Lind 2011]
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Aperiodic machines

M aperiodic: ∀x /∈ ΣZ,F t
Mσ

p(x) 6= x
⇒ FM distorted [Jeandel 2013]

• immortality problem [Hooper 1966]

• conjecture that there are none
[Kůrka 1997]

• aperiodic machine
[Blondel-Cassaigne-Nichitiu 2002]

• computation [Kari-Ollinger 2008]

• substitutive minimal aperiodic
reversible ( SMART)
[Cassaigne-Ollinger-Torres 2017]
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Embedding TM into CA
∃ distorted CA over the full shift

/ over any uncountable sofic subshift

←− extend FM into F , i.e.
F|XM = FM, with Dt(F ) = Dt(F|XM ):

• encode states+tape into alphabet

• arrows toward the head ( −→ SFT)

• idle arrows, checked by heads

• die when incorrect arrows

[Kari-Ollinger 2008]

SFT: set of configurations avoiding finitely many patterns
sofic subshift: set of path labels in a finite graph
−→ countable sofic subshift: all s.c.c. are cycle
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Undecidability

• Dt = O(1) ←→ preperiodic

semi-decidable, undecidable [Kari-Ollinger 2008]

• Dt = O(t/ log t), not O(log t) ←→ distorted

not semi-decidable

• Dt ∼ λt, λ > 0 ←→ positive-speed

semi-decidable [Jeandel 2013]

−→ Distortion is undecidable,
given a CA over shift.
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Undecidability

• Dt = O(1) ←→ preperiodic
semi-decidable, undecidable [Kari-Ollinger 2008]

• Dt = O(t/ log t), not O(log t) ←→ distorted
not semi-decidable

• Dt ∼ λt, λ > 0 ←→ positive-speed
semi-decidable, undecidable [Jeandel 2013]

−→ Distortion is undecidable,
given a CA over any fixed uncountable sofic subshift.



Neighborhoods

cellular automaton:

F : AZ → AZ
{

continuous
σF = Fσ

←→ ∃N finite neighborhood

neighborhood: interval N ⊂ Z s.t. x|N = y|N ⇒ F (x) = F (y).
I : intersection of possible N

I may not be a neighborhood!
How does I evolve for F t?
|I | can grow close to log, even when Dt grows close to linear.



Periodized mud runner

neighborhood: interval N ⊂ Z s.t.
x|N = y|N ⇒ F (x) = F (y).
I : intersection of possible N

∃F , |I | grows close to log t,
but Dt grows close to t.
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Conclusion
Families of distorted cellular automata over subshifts:

• One-head machines (→ full shifts) [Cassaigne, Kari-Ollinger]

• Mud runners [Hochman-Lind, G.-S.]

• Binary counters [Bressaud-Tisseur]

• Self-simulation [Hochman, G.-Zinoviadis]

Perspectives:

• realizable distortion functions?
Study eigenspaces from the substitution behind SMART?
[Cassaigne-Ollinger-Torres 2017]

• group distortion?
Does there exist F such that F t can be expressed as a
length-o(t) composition of CA from a fixed finite family?
[Cyr-Franks-Kra-Petite 2016]
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